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REMARKS ON WEAKLY PSEUDOCONVEX BOUNDARIES
Judith Brinkschulte
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Mauro Nacinovich
Abstract. In this paper, we consider the boundary M of a weakly pseudoconvex
domain in a Stein manifold. We point out a striking difference between the local
cohomology and the global cohomology of M , and illustrate this with an example. We
also discuss the first and second Cousin problems, and the strong Poincare´ problem
for CR meromorphic functions on the weakly pseudoconvex boundary M .
Throughout this paper we shall be considering the following situation: Let X be a
Stein manifold of complex dimension n+1, with n ≥ 1. Let Ω be a relatively compact
connected domain in X , with a smooth (C∞) weakly pseudoconvex boundary M .
Such an M is then a connected smooth CR manifold of type (n, 1), and we shall
refer to it as being a weakly pseudoconvex boundary.
It is possible to define the tangential CR cohomology groups onM , both for smooth
tangential forms, and for currents, see [AH1], [AH2], [NV]. In a vastly more general
situation than for weakly pseudoconvex boundaries, it was shown in [BHN] that
these cohomology groups are either zero, or else must be infinite dimensional. We
discuss below which of these two situations arises for the special situation of the M
under consideration here.
In this paper, we point out a striking difference between the local cohomology and
the global cohomology of M , and illustrate this with an example. We also discuss
the first and second Cousin problems, and the strong Poincare´ problem for CR
meromorphic functions on the weakly pseudoconvex boundary M .
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§1 Local boundary cohomology.
Let U be an open set on the boundary M . We denote by Hp,j(U) the j-th co-
homology group of the tangential Cauchy-Riemann operator ∂M acting on smooth
tangential forms of type (p, ∗) in U , and we denote by Hp,jcur(U) the analogous co-
homology groups of ∂M acting on currents of type (p, ∗) in U . Here 0 ≤ p ≤ n+ 1
and 0 ≤ j ≤ n.
Let x0 be a point on M . We consider the localizations, at x0, of these cohomology
groups: Hp,j({x0}) = lim
−−−→
U∋x0
Hp,j(U), Hp,jcur({x0}) = lim
−−−→
U∋x0
Hp,jcur(U).
Theorem 1. Let x0 be a point in M at which the Levi form of M has m positive,
and ℓ zero eigenvalues, with m+ ℓ = n. Then for all p with 0 ≤ p ≤ n+1, we have:
(i) Hp,j({x0}) = H
p,j
cur({x0}) = 0 for ℓ < j < m;
(ii) Hp,0({x0}), H
p,0
cur({x0}), H
p,m({x0}) and H
p,m
cur ({x0}) are infinite dimen-
sional, and the natural map
Hp,m({x0}) −→ H
p,m
cur ({x0})
has infinite dimensional image.
The vanishing results in (i) were proved for the cohomology for smooth forms in
[AH2], and these results were extended to the cohomology for currents in [NV]. In
fact in [AH2] and [NV] more general results were obtained, which allow also some
negative eigenvalues; but here we have stated only the special case which pertains
to weakly pseudoconvex hypersurfaces.
Statement (ii) is obvious when m = 0 because Ox0 is infinite dimensional. When
m = n = 1, it is equivalent to the classical non solvability result of Lewy [L]. Form =
n ≥ 1, it was proved in [AH2] for the smooth case, using a geometrical argument.
A completely different proof, which also works in higher codimension, was given in
[AFN]. There it was required that the Levi form of M at x0 be nondegenerate in
some characteristic conormal direction. The latter argument was recently extended
in [HN2] to allow some zero eigenvalues of the Levi form in the same characteristic
conormal direction; the statement in (ii) is the special case which pertains to weakly
pseudoconvex hypersurfaces.
Interpretation of Theorem 1.
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Let us interprete the results of Theorem 1 in terms of solvability or non solvability
of the system of partial differential equations
(S) ∂Mu = f
where the unknown u is a form of type (p, j − 1), and the right hand side f is a
form of type (p, j), satisfying the integrability conditions:
(C) ∂Mf = 0.
Note that the above system (S) consists of
(
n+1
p
)
+
(
n
j
)
first order linear partial
differential equations, with smooth variable coefficients and no zero order terms,
which are to be solved for
(
n+1
p
)
+
(
n
j−1
)
unknowns u; and the given right hand
side f is required to satisfy
(
n+1
p
)
+
(
n
j+1
)
similar compatibility conditions. Thus
the system may be overdetermined, determined, or underdetermined, depending on
the value of j, 1 ≤ j ≤ n.
1. Consider first Hp,j({x0}) = 0: This means that given any open neighborhood
U of x0 in M , and any smooth ∂M -closed (p, j)-form f in U , there exist an open
neighborhood Vf of x0, with Vf ⊂ U , and a smooth (p, j−1)-form u in Vf such that
∂Mu = f in Vf . In this situation, it follows via the Baire category theorem and
the open mapping theorem, that Vf can be chosen independently of f ; i.e., given
any open neighborhood U of x0 in M , there exists an open neighborhood V of x0,
with V ⊂ U , such that for any smooth ∂M -closed (p, j)-form f in U , there exists a
smooth (p, j − 1)-form u in V such that ∂Mu = f in V [HN2].
2. Consider next Hp,jcur({x0}) = 0: The first part of the discussion is the same of as
above, with smooth forms replaced by currents. However in this case the situation
concerning the uniform choice of the neighborhood Vf is different. Namely, given
any neighborhood U of x0 in M , and any integer k ≥ 0, there exist an open
neighborhood V of x0 in M , with V ⊂ U , and an integer m ≥ 0, such that for any
∂M -closed (p, j)-current f of order k in U , there is a (p, j− 1)-current u of order m
in V , such that ∂Mu = f in V in the sense of currents [HN2].
We can describe the situations 1. and 2. by saying that the Poincare´ lemma for
∂M in degree (p, j) is valid at x0.
3. The infinite dimensionality statements in (ii) give local non solvability results,
which are in the spirit of the scalar Lewy example [L], but which are now for
overdetermined or underdetermined systems. In this situation we have the following
interpretation: There exists a fundamental system {U} of open neighborhoods of
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x0 in M , and in each U there are infinitely many linearly independent smooth ∂M -
closed forms f of type (p,m), such that there is no smaller open neighborhood of
x0 in M in which f can be written as the ∂M of any current u of type (p,m− 1).
We describe this situation by saying that the Poincare´ lemma for ∂M in degree
(p,m) is not valid at x0.
§2 Global boundary cohomology.
Next we take U =M and consider the global tangential CR cohomology groups on
M .
Theorem 2. Assume that M is a weakly pseudoconvex boundary, as in the intro-
duction. Then for all p with 0 ≤ p ≤ n+ 1 we have:
(i) Hp,j(M) = Hp,jcur(M) = 0 for 1 ≤ j ≤ n− 1.
(ii) Hp,0(M), Hp,0cur(M), H
p,n(M) and Hp,ncur(M) are infinite dimensional.
If n ≥ 2, they have a Hausdorff vector space topology.
This theorem is contained in [B]. Once again, when j = 0 the statement in (ii) is
trivial since X is Stein. When j = n the infinite dimensionality in (ii) is actually
a consequence of the result in Theorem 1. In fact, in that case, it was shown
in [HN1] that there must exist a point x0 on M at which the Levi form of M is
positive definite. This gives the infinite dimensionality of the local cohomology at
x0. However, when j = n we are at the end of the ∂M complex, so there is no
compatibility condition to be satisfied by the right hand side f of (S); hence the
result globalizes. For the vanishing of the global cohomology in (i), the key result
proved in [B] was the vanishing of the Dolbeault cohomology on Ω with zero Cauchy
data on M . The result then follows by some classical isomorphisms [AH1].
It follows from Theorem 2 that if at a point x0 in M , there is a smooth form
or current of some type (p, j) with 1 ≤ j ≤ n − 1, which is ∂M -closed in some
neighborhood of x0, such that one has local non solvability for f at x0, then f has
no ∂M -closed extension to all of M .
Example. Let z = (z0, z1) be coordinates in C
2, w = (w1, . . . , wn−1) be coordi-
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nates in Cn−1. Consider the egg in Cn+1 defined by
{|z0|
2 + |z1|
2 + |w1|
2m + . . .+ |wn−1|
2m < 1},
for an integer m ≥ 2. It has a weakly pseudoconvex boundary M . At each point x0
on M , there is some value of j with 1 ≤ j ≤ n such that for all 0 ≤ p ≤ n + 1, the
Poincare´ lemma in degree (p, j) is not valid at x0. On the other hand, for any choice
of (p, j), with 1 ≤ j ≤ n, there exist points x0 on M at which the Poincare´ lemma
in degree (p, j) fails. In fact, for r = 0, 1, . . . , n − 1, let Σn−r be the set of points
on M at which exactly r components of w are zero. Then M =
⋃n
k=1Σk, and at
each point x0 of Σk, the Levi form of M has k positive and n− k zero eigenvalues.
Hence the Poincare´ lemma fails at x0 in degree (p, k).
Nonetheless, for all (p, j) with 0 ≤ p ≤ n+ 1 and 1 ≤ j ≤ n− 1 we have the global
vanishing Hp,j(M) = Hp,jcur(M) = 0.
A similar situation prevails if we take instead
Ω = {(z0, z1, . . . , zn) ∈ C
n+1 | |z0|
m0 + |z1|
m1 + · · ·+ |zn|
mn < 1} ,
with n > 1 and even integers mj ≥ 4.
§3 Sheaf cohomology.
In this section we give some applications of the above results to sheaf cohomology.
Let OM denote the sheaf of germs of smooth CR functions on M and Ω
p
M denote
the sheaf of germs of smooth CR p-forms on M , thus OM = Ω
0
M . Likewise we
denote by O′M the sheaf of germs of CR distributions on M and by Ω
′p
M the sheaf
of germs of CR p-currents on M , so O′M = Ω
′0
M .
Corollary 1. Assume that M is a weakly pseudoconvex boundary, as in the intro-
duction, and n > 1. Then for all p with 0 ≤ p ≤ n+1, the Cˇech cohomology groups
H1(M,ΩpM) and H
1(M,Ω′pM ) vanish.
We obtain the Corollary from Theorem 2 because, by the abstract de Rham theorem,
the maps
H1(M,ΩpM ) −→ H
p,1(M)
and
H1(M,Ω′pM ) −→ H
p,1
cur(M)
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are injective.
The above result can be extended as follows: Let Zp,jM denote the sheaf of germs of
smooth ∂M -closed (p, j)-forms on M and let Z
p,j
M,cur denote the sheaf of germs of
∂M -closed (p, j)-currents on M .
Corollary 2. Assume that M is a weakly pseudoconvex boundary, that at each
point the Levi form of M has at least m positive eigenvalues, and that 2m > n.
Then for all (p, j) with 0 ≤ p ≤ n + 1 and 1 ≤ j < 2m − n the Cˇech cohomology
groups Hj(M,Zp,n−mM ) and H
j(M,Zp,n−mM,cur ) vanish.
This Corollary is also obtained by using the abstract de Rham theorem, because
according to Theorem 1, the Poincare´ lemma is valid at each point of M in degree
(p, s) for n−m < s < m. Hence we have the isomorphisms
Hj(M,Zp,n−mM ) ≃ H
p,n−m+j(M)
Hj(M,Zp,n−mM,cur ) ≃ H
p,n−m+j
cur (M),
and therefore again the result follows by Theorem 2.
§4 CR meromorphic functions and distributions.
In order to consider CR meromorphic functions on M , we need to assume that the
weak unique continuation principle is valid for CR functions on M . To this aim we
shall assume that our weakly pseudoconvex boundary M is minimal at each point
x0. By definition, minimality at x0 means that there does not exist any germ of a
complex n-dimensional manifold lying on M and passing through x0. It was shown
in [DH] that this is equivalent to the nonexistence of any germ of a complex n-
dimensional variety lying onM and passing through x0. According to [Tr], [Tu] the
minimality condition at x0 implies that the germ of a CR function on M at x0 has
a local holomorphic extension to at least one side of M . In our situation the local
holomorphic extension must be into Ω, because M is weakly pseudoconvex. This
yields the weak unique continuation property for CR functions on open subsets of
M ; i.e., if a CR function f vanishes on some open subset of M , then it vanishes
throughout the connected component of its domain of definition. These results are
valid for CR distributions f , as well as for smooth CR functions f on M .
Because of the assumption that M is minimal at each point, we have the following
result [HN3] concerning the zero locus of CR functions: Let f , f 6≡ 0, be a continu-
ous CR function in a connected open set U onM , and set Zf = {x ∈ U | f(x) = 0}.
Then Zf does not disconnect U .
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Let OM (U) denote the ring of smooth (C
∞) CR functions in a not necessarily
connected open set U ; OM (U) is an integral domain if U is connected. Let ∆(U) be
the subset of OM (U) of divisors of zero; i.e., ∆(U) is the set of those CR functions
on U which vanish on some open connected component of U . Let MM (U) be
the quotient ring of OM (U) with respect to OM (U) \ ∆(U). This means that
MM (U) is the set of equivalence classes of pairs (f, g) with f ∈ OM (U) and g ∈
OM (U) \ ∆(U). The equivalence relation (f, g) ∼ (f
′, g′) is defined by fg′ = f ′g.
If V ⊂ U is an inclusion of open sets, the restriction map rVU : OM (U) → OM (V )
sends OM (U) \ ∆(U) into OM (V ) \ ∆(V ) and thus induces a homomorphism of
rings
rUV :MM (U) −→MM (V )
We obtain in this way a presheaf of rings. We shall call the corresponding sheafMM
the sheaf of germs of CR meromorphic functions on M , in the smooth category. By
a CR meromorphic function on U we mean a continuous section ofMM over U . In
particular, MM (M) is a field since M is connected.
Analogously we denote the CR distributions on U by O′M (U). Since M is minimal
at each point, we can associate to each open set U in M a corresponding open set
U˜ in Ω, with U˜ ∩M = U , such that each f ∈ O′M (U) has a unique holomorphic
extension f˜ to the interior of U˜ , having the boundary value f on U , in the sense
of distributions. If f, g ∈ O′M (U) then the product fg may not be defined in U
as a distribution, but it makes sense as a “hyperfunction” in U , defined as the
“boundary value” of f˜ g˜. As before, let ∆′(U) be the subset of O′M (U) consisting
of those CR distributions in U which vanish on some open connected component
of U . We define M′M (U) as the equivalence class of pairs (f, g), with f ∈ O
′
M (U)
and g ∈ O′M (U) \ ∆
′(U), with the equivalence relation (f1, g1) ∼ (f2, g2) defined
by f1g2 = f2g1; or what is the same, by f˜1g˜2 = f˜2g˜1. To verify that this is an
equivalence relation, the transitivity should be checked on the interior of U˜ within
the field of ordinary meromorphic functions.
If V ⊂ U is an inclusion of open sets, the restriction map rVU : O
′
M (U) → O
′
M (V )
sends O′M (U) \ ∆
′(U) into O′M (V ) \ ∆
′(V ) and thus induces a homomorphism of
Abelian groups
rUV :M
′
M (U) −→M
′
M (V )
We obtain in this way a presheaf of Abelian groups . We shall call the corresponding
sheaf M′M the sheaf of germs of CR meromorphic distributions on M . By a CR
meromorphic distribution on U we mean a continuous section ofM′M over U . Note
that if F ∈ M′M (U), and F 6≡ 0 on any connected component of U , then F has a
multiplicative inverse F−1 in M′M (U).
Because of the assumption that M is minimal at each point, we have the following
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result [HN3] concerning CR meromorphic distributions: Let g, g 6≡ 0, be a continu-
ous CR function in a connected open set U onM , and set Zg = {x ∈ U | g(x) = 0}.
Let F be a continuous CR function defined in U \ Zg, which, locally in U , satis-
fies F = O(g−k) for some k ≥ 0. Then F can be regarded as a CR meromorphic
distribution in U , which is locally the quotient of two continuous CR functions.
§5 The first boundary Cousin problem.
We discuss the analogue onM of the first Cousin problem (Mittag-Leffler problem).
This means that we want to find a global CR meromorphic function on M which
has prescribed “ principal parts”.
Theorem 3. Assume that M is a weakly pseudoconvex boundary, which is minimal
at each point, and n > 1. Given an open covering {Uj} of M and principal parts
Fj ∈MM (Uj) (resp. M
′
M (Uj)), satisfying Fi−Fj ∈ OM (Ui ∩Uj) (resp. O
′
M (Ui ∩
Uj)) for all i, j, there exists F ∈ MM (M) (resp. M
′
M (M)) such that F − Fj ∈
OM (Uj) (resp. O
′
M (Uj)) on Uj.
The argument is the standard one; namely setting Fi−Fj = hij ∈ OM (Ui∩Uj), we
have the cocycle condition hij + hjk + hki = 0 in Ui ∩ Uj ∩ Uk, so {hij} represents
an element in the first Cˇech cohomology group of M , with respect to the covering
{Uj}, having coefficients in the sheaf OM . The natural map
H1(M, {Uj},OM ) −→ H
1(M,OM )
is injective. As n > 1, the latter group is zero by Corollary 1; hence the 1-cocycle is
a coboundary, which means that there exist fj ∈ OM (Uj) such that hij = fi−fj in
Ui∩Uj . Setting F = Fj−fj on Uj , we obtain a well defined global CR meromorphic
function on M having the desired principal parts. (The argument is the same for
CR meromorphic distributions.)
§6 The second boundary Cousin problem.
Next we discuss the analogue on M of the second Cousin problem (Weierstrass
problem). This means that we want to find a global CR meromorphic function
on M which has prescribed “poles” and zeros. Let O∗M (U) denote the elements of
OM (U) which do not vanish at any point of U .
Theorem 4. Assume that M is a weakly pseudoconvex boundary, which is minimal
at each point, n > 1 and H2(M,Z) = 0. Given an open covering {Uj} of M and
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Fj ∈ MM (Uj) (resp. M
′
M (Uj)), satisfying Fi/Fj ∈ O
∗
M (Ui ∩ Uj) for all i, j, there
exists F ∈MM (M) (resp. M
′
M (M)) such that F/Fj ∈ O
∗
M (Uj) on Uj.
Let Fi/Fj = hij ∈ O
∗
M (Ui ∩ Uj); now we have the cocycle condition hijhjkhki = 1
in Ui ∩Uj ∩Uk, so {hij} represents an element in the first Cˇech cohomology group
of M , with respect to the covering {Uj}, having coefficients in the sheaf O
∗
M . As
above we need to show that H1(M,O∗M ) = {1}. Here O
∗
M is the multiplicative
sheaf of germs of smooth never vanishing CR functions on M . From the short
exact sequence of sheaves
0 −→ Z −→ OM −→ O
∗
M −→ 0
we obtain the long exact sequence
. . . −→ H1(M,OM ) −→ H
1(M,O∗M ) −→ H
2(M,Z) −→ . . .
The desired triviality of H1(M,O∗M ) follows from Corollary 1 and our hypothesis.
Hence the 1-cocycle is a coboundary, which means that there exist fj ∈ O
∗
M (Uj)
such that hij = fi/fj ∈ Ui ∩Uj . Setting F = Fj/fj on Uj , we obtain a well defined
global meromorphic function on M having the desired “poles” and zeros. Another
interpretation would be to say that the divisor given by the data in the second
boundary Cousin problem corresponds to a smooth CR line bundle over M which
is trivial.
Remark. Suppose in Theorem 4 we prescribe only zeros, but no “poles” (a positive
divisor). This means that hj ∈ OM (Uj) for all j. Then we obtain a solution
h ∈ OM (M). But for n ≥ 1 it is well known [AH1] that such a global CR function
h on M has a smooth extension h˜ to Ω, which is holomorphic in Ω. Thus we are
able to construct a global holomorphic function in Ω that has assigned zeros on the
boundary of Ω. This holds true for any weakly pseudoconvex boundary: we don’t
need in this case the assumption of minimality.
Application.
Let M be a weakly pseudoconvex boundary, n > 1 and H2(M,Z) = 0. Consider
a smooth compact CR submanifold S in M , of type (n − 1, 1). This means that
S has real codimension 2 in M and is transversal to the Levi distribution on M .
Assume that S has local smooth CR defining functions. Then S has a global smooth
defining function, which is CR on all of M . Indeed: By hypothesis on S there
exists a covering of S by open sets ωj in M , j = 1, . . . , N , such that S ∩ ωj =
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{x ∈ ωj | hj(x) = 0}, with hj ∈ OM (ωj) and dhj 6= 0 on ωj . Set ω0 = M \ S
and h0 ≡ 1 ∈ OM (ω0). We may then assume that hi/hj ∈ O
∗
M (ωi ∩ ωj) for
i, j = 0, 1, . . . , N . According to the above remark, there exists a global smooth CR
function h on M which is a defining function for S.
§7 The strong boundary Poincare´ problem.
By the strong Poincare´ problem onM we mean the following: Given a CRmeromor-
phic function on M , we want to write it as the quotient of two global CR functions
on M , which are coprime at each point. In order to formulate this question we
need to pass to the real analytic category. Hence in this section, we will assume
that M is real analytic. So now we denote by AM (U) the ring of real analytic
CR functions in U , and by AMM (U) the corresponding quotient ring, as before.
In this way we obtain the sheaf of germs AMM of CR meromorphic functions on
M , in the real analytic category. For a point x0 on M we denote by AM,x0 the
stalk at x0 in the sheaf AM of germs of real analytic CR functions on M . By the
Cauchy-Kowalewski theorem, we have that AM,x0 ≃ Ox0 . Hence AM,x0 is a unique
factorization domain, since Ox0 is one. Hence the notion of being coprime at x0
makes sense.
Theorem 5. Assume that M is a real analytic weakly pseudoconvex boundary, and
that H2(Ω,Z) = 0. Let F ∈ AMM (M) be a CR meromorphic function onM . Then
F =
G
H
, where G, H ∈ AM (M) are real analytic CR functions on M , coprime at
each point.
By definition F is locally the quotient of real analytic CR functions on M . It then
follows from the Cauchy-Kowalewski theorem that F extends to a meromorphic
function on an open collar neighborhood V of M , that we still denote by the same
letter F .
According to a theorem of [KS], F can be written as a quotient G1/H1 with G1 and
H1 holomorphic on V , but not necessarily coprime. This is because the envelope
of meromorphy of V is Stein, and the weak Poincare´ problem is solvable on a
Stein manifold. Since X is Stein, G1 and H1 extend holomorphically to V ∪ Ω.
Hence the mermorphic function on V extends to a meromorphic function on V ∪Ω,
which we still denote by F . By [DF], Ω has a fundamental system of open Stein
neighborhoods inX . Let Ω1 be a Stein neighborhood of Ω, chosen sufficiently small,
so that Ω1 ⊂ Ω∪V andH
2(Ω1,Z) = 0. It is however a classical result that the strong
Poincare´ problem has a solution in Ω1. Thus there exist holomorphic functions G
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and H in Ω1, which are coprime at each point, whose quotient represents F . It
suffices to take the restrictions of G and H to M .
Remarks.
1. Note that the above proof yields more than is stated in the theorem; namely, G
and H are holomorphic and coprime at each point of Ω.
2. If we drop the requirement that G and H be coprime at each point, we obtain
what is known as the weak Poincare´ problem on M . This easier problem is always
solvable, in the real analytic category, for a real analytic M which is the boundary
of an Ω in a Stein manifold, even if we drop the requirements that M be weakly
pseudoconvex, and the topological condition on Ω.
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